We give a full classification of Lie algebras of specific type in complexified Clifford algebras. These sixteen Lie algebras are direct sums of subspaces of quaternion types. We obtain isomorphisms between these Lie algebras and classical matrix Lie algebras in the cases of arbitrary dimension and signature. We present sixteen Lie groups: one Lie group for each Lie algebra associated with this Lie group. We study connection between these groups and spin groups.
Introduction
In this paper, we give a full classification of Lie algebras of specific type in complexified Clifford algebras. These sixteen Lie algebras are direct sums of subspaces of quaternion types suggested by the author in the previous papers [1] , [2] , [3] . We obtain isomorphisms between these Lie algebras and classical matrix Lie algebras in the cases of arbitrary dimension and signature.
We present sixteen Lie groups: one Lie group for each Lie algebra associated with this Lie group. In the papers [4] and [5] , we considered five of these sixteen Lie groups and corresponding Lie algebras and obtained isomorphisms with classical matrix Lie groups and Lie algebras. In the current paper, we obtain results for eleven remaining Lie algebras.
In [5] , we studied connection between these groups and spin groups Spin + (p, q). In the current paper, we study relation between some of these groups and complex spin groups Spin(n, C).
Note that some groups which are considered in the present paper are related to automorphism groups of the scalar products on the spinor spaces (see [6] , [7] , [8] , [9] ), but we do not use this fact in the present paper. In [7] , one found isomorphisms between groups G 12 p,q , G 23 p,q , G 12i12 p,q , G 23i23 p,q , G 23i01 p,q (also in [10] ), G 12i03 p,q and classical matrix Lie groups. In the present paper, we obtain these isomorphisms and also isomorphisms for the other groups using different techniques based on relations between operations of conjugations in Clifford algebras and corresponding matrix operations. Our main CONTACT D. S. Shirokov. Email: dm.shirokov@gmail.com, dshirokov@hse.ru, shirokov@iitp.ru goal is to obtain isomorphisms for corresponding Lie algebras. We use the notion of additional signature of complexified Clifford algebras suggested by the author in the previous paper [11] .
Let us consider the real Clifford algebra Cℓ p,q and the complexified Clifford algebra C ⊗ Cℓ p,q , p + q = n, n ≥ 1. The constructions of Cℓ p,q and C ⊗ Cℓ p,q are discussed in details in [6] and [7] .
Let e be an identity element and let e a , a = 1, . . . , n be the generators of Cℓ p,q , e a e b + e b e a = 2η ab e, where η = ||η ab || is the diagonal matrix with +1 appearing p times on the diagonal and −1 appearing q times on the diagonal. The elements e a1...ak = e a1 · · · e ak , a 1 < · · · < a k , k = 1, . . . , n, together with the identity element e form a basis of the Clifford algebra Cℓ p,q .
Let us denote a vector subspace spanned by the elements e a1...ak by Cℓ k p,q . We have Cℓ p,q = n k=0 Cℓ k p,q . Clifford algebra is a Z 2 -graded algebra and it is represented as the direct sum of even and odd subspaces:
Lie algebras of specific type in Clifford algebras and Lie groups
Let us consider Cℓ p,q as a vector space and represent it in the form of the direct sum of four subspaces of quaternion types 0, 1, 2 and 3 (see [1] , [2] , [3] ):
We represent C ⊗ Cℓ p,q in the form of the direct sum of eight subspaces:
Theorem 2.1. The subspaces 0, 1, 2, and 3 have the following dimensions:
Proof. Using Binomial Theorem
where C k n = n! k!(n−k)! are binomial coefficients, and
we get
Taking into account 1
and similarly for the other subspaces.
Using the method of quaternion typification of Clifford algebra elements, we can find the following Lie algebras. We only want to consider Lie subalgebras that are direct sums of subspaces of quaternion types.
Theorem 2.2. The complexified Clifford algebra C ⊗ Cℓ p,q has the following Lie subalgebras 2 2, 02, 12, 23, 2
Note that the first four subsets 2, 02, 12, 23 are Lie subalgebras of the real Clifford algebra 0123 = Cℓ p,q .
Proof. Using the properties (see [1] , [2] , [3] )
where [U, V ] = U V − V U is the commutator of arbitrary Clifford algebra elements U and V , we obtain each set in (3) is closed with respect to the commutator.
We can represent these Lie subalgebras in the way as in Figure 1 . Every arrow means that one Lie algebra is a Lie subalgebra of the other.
Any element U ∈ Cℓ p,q can be written in the form
where u, u a , u a1a2 , . . . , u 1...n are real numbers. For arbitrary element U ∈ C ⊗ Cℓ p,q we use the same notation (5), where u, u a , u a1a2 , . . . , u 1...n are complex numbers. Consider the following well-known involutions in Cℓ p,q and C ⊗ Cℓ p,q :
1 One can easily obtain these expressions using twice Binomial Theorem:
Here and below we omit the sign of the direct sum to simplify notation: where U has the form (5 
In the real Clifford algebra Cℓ p,q , we have U ‡ =Ũ , becauseŪ = U . Note that grade involution and reversion uniquely determine subspaces of quaternion types:
Now we can consider the following sixteen Lie groups in C ⊗ Cℓ p,q (see the second column of Table 1 ):
Theorem 2.3. The following subsets of C ⊗ Cℓ p,q in the second column of Table 1 are Lie groups. The following subsets of C ⊗ Cℓ p,q in the third column of Table 1 are Lie algebras of the corresponding Lie groups in the second column of Table 1 . These Lie groups and Lie algebras have the dimensions given in the forth column of Table 1 . Table 1 . Lie groups and corresponding Lie algebras of specific type in Clifford algebras.
Lie group
Lie algebra dimension
Proof. The Lie groups in Table 1 are subsets of the group (C ⊗ Cℓ p,q ) × and they are closed under products and inverses. Therefore, they are subgroups of the group (C ⊗ Cℓ p,q ) × . Let us prove, for example, that 23 ⊕ i23 is a Lie algebra of the corresponding Lie group G 23i23 p,q . Let U be an arbitrary element of G 23i23 p,q . Then U = e + ǫu, where ǫ 2 = 0 and u is an arbitrary element of the corresponding Lie algebra. Then e =Ũ U = (e − ǫũ)(e + ǫu) = e + ǫ(u −ũ). Therefore, u =ũ, i.e. u ∈ 23 ⊕ i23. We can similarly prove the statement for the other Lie groups and the corresponding Lie algebras. Using Theorem 2.1, we get the dimension result.
Note that some Lie groups in the second column of Table 1 are Lie subgroups of other Lie groups. This property is the same as the corresponding Lie algebras (see Figure 1 ).
Note that all the Lie groups in Table 1 contain the spin group Spin + (p, q). Similarly, all Lie algebras in Table 1 contain the Lie algebra Cℓ 2 p,q of the spin group Spin + (p, q) because Cℓ 2 p,q ⊂ 2. We discuss relation between Spin + (p, q) and the group G 2 p,q in [5] . In the current paper, we discuss relation between the complex spin group Spin(n, C) and the group G 2i2 p,q (see below). Note that Salingaros group G p,q = {±e, ±e a1 , ±e a1a2 , . . . , ±e 1...n } [13] , [14] , [9] is a subgroup of Spin + (p, q) and all groups in the second column of Table 1 .
Our goal is to obtain isomorphisms between the sixteen Lie algebras in the third column of Table 1 and classical matrix Lie algebras. To do this we obtain isomorphisms between Lie groups in the second column of Table 1 and the corresponding matrix Lie groups.
We have already obtained isomorphisms for the Lie algebras 2 ⊕ i1, 2 ⊕ i3, 12, 23, 2 with numbers 12-16 in Table 1 (they are blue in Figure 1 ). These Lie algebras are isomorphic to the linear, orthogonal, symplectic, and unitary classical Lie algebras in different cases (see papers [4] and [5] ). Now we are interested in Lie algebras with numbers 1-11 in Table 1. 3. Lie algebras 0123 ⊕ i0123, 0123, 02, 02 ⊕ i02, 02 ⊕ i13
Let us consider the Lie algebras 0123 ⊕ i0123, 0123, 02, 02 ⊕ i02, 02 ⊕ i13 with numbers 1-5 in Table 1 (they are red in Figure 1 ). Theorem 3.1. We have the following Lie algebra isomorphisms
Proof. We use the following well-known isomorphisms of algebras ( [7] , p.217):
and the following isomorphisms
To prove the first isomorphism from (12) we must change the basis of Cℓ p,q−1 :
The elements e a e n , a = 1, 2, . . . , n − 1 generate Cℓ (0) p,q . To prove the second isomorphism from (12) we must change the basis of Cℓ q,p : e a → ie a , a = 1, 2, . . . , n.
Since (ie a ) 2 = −(e a ) 2 , it follows that the signature (q, p) changes to (p, q). Using (1), we conclude that Cℓ q,p changes to Cℓ
p,q which is closed under multiplication. Therefore, we obtain the following Lie group isomorphisms
Using these Lie group isomorphisms, we obtain the Lie algebra isomorphisms of the theorem.
Theorem on faithful and irreducible representations of complexified Clifford algebras with additional properties
We need the following theorem to obtain isomorphisms for the groups with numbers 6-11 in Table 1 . Note that we use a similar method in [4] and [5] . In these papers, we use faithful and irreducible matrix representations of the real Clifford algebras Cℓ p,q to obtain theorems for the groups with numbers 12-16 in Table 1 . We use faithful and irreducible matrix representations of the complexified Clifford algebras C ⊗ Cℓ p,q with some additional properties.
Let us consider a diagonal matrix J = diag(1, . . . , 1, −1, . . . , −1) of arbitrary even size with the same number of 1's and −1's on the diagonal. We denote the blockdiagonal matrix with two identical blocks J by diag(J, J).
Theorem 4.1. There exists a faithful and irreducible representation of C ⊗ Cℓ p,q over
where γ a := γ(e a ) and † is the Hermitian transpose of a matrix, and
• in the case of even n, p = 0
• in the case of even n, q = 0
• in the case of odd n ≥ 3, p = 0 is even, and q is odd
• in the case of odd n ≥ 3, q = 0 is even, and p is odd
Moreover, in the last two cases all block-diagonal matrices γ a , a = 1, . . . , n consist of two blocks of the same size that differ only in sign.
Proof. Let us construct the following representation β of C ⊗ Cℓ p,q over C or C ⊕ C
using the following algorithm.
For the identity element of C ⊗ Cℓ p,q we always use the identity matrix β(e) = 1 of the corresponding size. For basis element e a1...ak we use the matrix that equals the product of matrices corresponding to e a1 , . . . , ak .
We present the matrix representation β : e a → β a of C ⊗ Cℓ n,0 below. To obtain the matrix representation of C ⊗ Cℓ p,q , q = 0, we should multiply matrices β a , a = p + 1, . . . , n by i.
In the cases of small dimensions, we construct β in the following way:
• In the case C ⊗ Cℓ 1,0 : β(e 1 ) = diag(1, −1).
• In the case C ⊗ Cℓ 2,0 : β(e 1 ) = diag(1, −1), β(e 2 ) = 0 1 1 0 .
The representation β (over C or C ⊗ C) is faithful and irreducible in these particular cases. Suppose that we have the faithful and irreducible matrix representation β of C ⊗ Cℓ p,q for even n = p + q = 2k: β(e a ) = β a , a = 1, . . . , n. Then, for the complexified Clifford algebra with p + q = n + 1 = 2k + 1 we use the following representation:
For the complexified Clifford algebra with p+q = n+2 = 2k+2 we use the following representation:
the same for e a , a = 1, . . . , n + 1 as in the previous case, and e n+2 → 0 1 1 0 .
Using this recursive method we obtain the faithful and irreducible representation β of all C ⊗ Cℓ p,q (see isomorphisms (11)).
Let us give some examples.
Note that (β a ) † = η aa β a , a = 1, . . . , n.
Let us consider the case of even n and the matrix M = 1 αp β 1...p , where α p is defined in (14) . We have
Using (16), we get M † = M −1 . Using M 2 = 1 and trM = 0 4 , we conclude that the spectrum of M consists of the same numbers of 1's and −1's. Therefore there exists unitary matrix T † = T −1 such that T −1 M T = J. Now we consider transformation T −1 β a T = γ a and obtain another matrix representation γ of C ⊗ Cℓ p,q with γ 1...p = T −1 β 1...p T = α p J and (13) because of (16) and T † = T −1 :
We can prove the second statement of the theorem similarly. We take M = 1 σq β p+1...n and obtain
Let us consider the case of C ⊗ Cℓ p,q with odd n = p + q. Let p be even. We use the faithful and irreducible representation β of C ⊗ Cℓ p,q . We have (16) and the matrices β a consist of two blocks that differ only in sign. Since p is even, it follows that the matrix β 
We consider the transformation T −1 β a T = γ a and obtain another matrix representation γ. Since T † = T −1 , it follows that γ † a = η aa γ a and the matrices γ a consist of two blocks that differ only in sign.
We can prove the last statement of the theorem similarly.
Note that we can consider in C ⊗ Cℓ p,q (and Cℓ p,q ) a linear operation (involution) † : C ⊗ Cℓ p,q → C ⊗ Cℓ p,q such that (λe a1...ak ) † =λ(e a1...ak ) −1 , λ ∈ C. We call this operation Hermitian conjugation of Clifford algebra elements. This operation is wellknown and many authors use it, for example, in different questions of field theory in the case of signature p = 1, q = 3. For more details, see [12] . This operation is called the transposition anti-involution in the case of real Clifford algebras in [16] , [14] , [9] .
Note that we have the following relation between operation of Hermitian conjugation of Clifford algebra elements † and other operations in complexified Clifford algebra C ⊗ Cℓ p,q (see [12] )
The Hermitian conjugation of Clifford algebra elements corresponds to the Hermitian conjugation of matrix β(U † ) = (β(U )) † for the faithful and irreducible matrix representations over C and C ⊕ C of complexified Clifford algebra, based on the fixed idempotent and the basis of the corresponding left ideal, see [12] . Similarly we have for the matrix representation β from Theorem 4.1 because of properties (13).
Lie algebras 23
Let us consider the Lie algebras 23 ⊕ i01, 12 ⊕ i03, 2 ⊕ i0 with numbers 6-8 in Table 1 (they are yellow in Figure 1) . One of them, G 23i01 p,q , has been considered in [10] by Professor J. Snygg. He calls it c-unitary group. We consider this group in different questions of field theory [17] and call it pseudo-unitary group. In [10] , you can find isomorphisms for the group G 23i01 p,q . In the current paper, we present another proof using relations between matrix operations and operations of conjugation in C⊗Cℓ p,q . Also we obtain isomorphisms for the groups G 21i03 p,q and G 2i0 p,q . Finally, we present isomorphisms for the corresponding Lie algebras.
Theorem 5.1. We have the following Lie algebra isomorphisms
if p is even and q = 0; u(2
if p is odd and q = 0;
if n is even and q = 0; u(2
2 ), if p is odd and q = 0 is even; gl(2 n−1
if p is even and q is odd,
if p is odd and q is even,
if n is odd, p = 0, and q = 0;
2 ), if p = 0 and q = 0 are even; gl(2 n−2 2 , C), if p and q are odd.
(20)
Proof. Let us prove the following Lie group isomorphisms
if p is odd and q = 0; U(2
if n is even and q = 0; U(2
2 ), if p is odd and q = 0 is even; GL(2 n−1
if p is even and q is odd.
In the first two cases (q = 0), using definition of the group G 23i01 p,q (see Table 1 ) and formulas (17) , from U ‡ U = e we obtain U † U = e and an isomorphism with unitary group. Now we consider the cases q ≥ 1. Let n be even. If p and q are odd, then
We use the first statement of Theorem 4.1. Since (γ a ) † = η aa γ a , it follows that γ(U † ) = γ † (U ). We obtain V † JV = J, where V ∈ Mat(2 n 2 , C) and an isomorphism with U(2
In the case of even p and q, we have
Then we use the second statement of Theorem 4.1.
In the case of odd p and even q = 0, we have again (21). We use the forth statement of Theorem 4.1. Every Clifford algebra element has a matrix representation diag(R, S) with blocks R and S of the same size. We have
and obtain an isomorphism with direct sum of two pseudo-unitary groups. Let us consider the case of even p and odd q. If p = 0, then
We use the matrix representation γ from the third statement of Theorem 4.1. Moreover, we use the fact that γ a are block-diagonal matrices with two blocks that differ in sign.
Let the even part of arbitrary element has matrix representation diag(A, A) and its odd part has matrix representation diag(B, −B). We obtain
Equivalently, (A − B) † J(A + B) = J. Therefore, we have S † JR = J for R = A + B and S = A − B. For every matrix S ∈ GL(2 n−1 2 , C) there exists matrix R = J(S † ) −1 J. We obtain an isomorphism with linear group.
In the cases of signatures (0, n), where n is odd, we use U † =Û ‡ and obtainÛ † U = e. Therefore
and (A − B) † (A + B) = 1. We obtain S † R = 1 and an isomorphism with linear group again.
We have G 12i03
To obtain this isomorphism we must change the basis e a → ie a , a = 1, . . . , n. Note that after this transformation of basis the operation˜does not change, but the operation¯changes to¯. Therefore, the operation ‡ =˜changes tô ‡ =˜(see definitions of the groups G 12i03 p,q and G 23i01 p,q ). We obtain the following Lie group isomorphisms 2 ), if p = 0 is even and q is odd; GL(2
if p is odd and q is even.
We have G 2i0
To obtain these isomorphisms we must change the basis e a → e a e n , a = 1, . . . , n − 1, (e n ) 2 = −e.
We obtain the following Lie group isomorphisms
if n is odd, p = 0, and q = 0; U(2 Note that G 2i0 p,q ∼ = G 2i0 q,p . Using isomorphisms of Lie groups we obtain isomorphisms of the corresponding Lie algebras.
Let us consider the Lie algebras 23 ⊕ i23, 12 ⊕ i12, 2 ⊕ i2 with numbers 9-11 in Table  1 (they are green in Figure 1 ). Theorem 6.1. We have the following Lie algebra isomorphisms
To prove these Lie group isomorphisms we need the notion of additional signature of C ⊗ Cℓ p,q suggested by the author in [11] .
Suppose we have the faithful and irreducible matrix representation β over C or C ⊕ C of complexified Clifford algebra. We can always use such matrix representation in which all matrices β a = β(e a ) are symmetric or skew-symmetric. Let k be the number of symmetric matrices among {β a , a = 1, . . . , n} for the matrix representation β, and l be the number of skew-symmetric matrices among {β a , a = 1, . . . , n}. Let e b1 , . . . , e bk denote the generators for which the matrices are symmetric. Similarly, we have e c1 , . . . , e cl for the skew-symmetric matrices.
We use the notion of additional signature of Clifford algebra when we study the relation between matrix representation and operations of conjugation. In complexified Therefore there exists an orthogonal matrix T T = T −1 such that T −1 M T equals J in the case k = 1 mod 4 (in the cases n = 0, 2 mod 8 by Table 2 ) or equals Ω in the case k = 3 mod 4 (in the cases n = 4, 6 mod 8 by Table 2 ). In both cases, we use transformation ζ a = T −1 β a T and obtain another matrix representation ζ such that ζ b1...bk equals J, iJ, or Ω, iΩ. Using the fact that T is orthogonal, we conclude that the matrices ζ a and β a are both symmetric or antisymmetric for all a = 1, . . . , n. Therefore we have the same formulas about the connection between operations T and˜. Now we use the matrix representation ζ and obtain U T JU = J in the cases n = 0, 2 mod 8 or U T ΩU = Ω in the cases n = 4, 6 mod 8. We obtain isomorphisms with O(2 similarly obtain the following Lie group isomorphisms To obtain this isomorphism we must change the basis e a → e a e n , a = 1, 2, . . . , n − 1. Therefore we have the following Lie group isomorphisms 
Using Lie group isomorphisms we obtain isomorphisms of the corresponding Lie algebras.
Note that the groups G 23i23 p,q , G 12i12 p,q , G 2i2 p,q and the correponding Lie algebras 23⊕i23, 12 ⊕ i12, 2 ⊕ i2 depend only on n = p + q. However, the groups from the previous section G 12i03 p,q , G 23i01 p,q , G 2i0 p,q and the corresponding Lie algebras 12 ⊕ i03, 23 ⊕ i01, 2 ⊕ i0 depend on p and depend on q. They change after the transformation e a → ie a .
Relation between G 2i2
p,q and complex spin groups Spin(n, C)
Let us consider the complex spin groups Spin(n, C) = {U ∈ (C ⊗ Cℓ These groups are subgoups of the groups G 2i2 p,q , G 12i12 p,q , G 23i23 p,q , (C ⊗ Cℓ (0) p,q ) × , and (C ⊗ Cℓ p,q ) × .
The groups Spin(n, C) are double covers of SO(n, C) (see [7] ). It is well-known that Spin(n, C) is isomorphic to the following classical matrix Lie groups (see [7] Note that Spin(n, C) coincides with G 2i2 p,q in the cases n ≤ 5. In the case n = 6, the condition ∀x ∈ Cℓ 1 p,q , U −1 xU ∈ Cℓ 1 p,q from the definition of Spin(6, C) leads to the condition det γ(U ) = 1 for the matrix representation γ and we obtain SL(4, C) (not GL(4, C) as for the group G 2i2 p,q ). Note that in the cases n ≥ 6 Spin(n, C) is a subgroup of G 2i2 p,q . Therefore we know the classical matrix groups (27) that contain Spin(n, C) in the cases n ≥ 6.
